We show that for each n ≥ 2 there are 1 n 2 2n−2 2n−2 n−1 lines in P n tangent to 2n − 2 general quadric hypersurfaces in P n , and that there exists a configuration of 2n − 2 real quadrics so that all the mutually tangent lines are real.
Introduction
Consider the following geometric problem: How many lines in R 3 are tangent to four unit spheres? The answer that there are 12 complex lines, and that all 12 can be real was given in [11] . This problem arose as an algebraic core problem in a number of problems from computational geometry (see [18] and the references therein). Its natural generalization to higher dimensions (posed in [16] ) asks for the number of lines in R n tangent to 2n−2 spheres. The answer of 3 · 2 n−1 complex lines was given in [17] , where 2n−2 real spheres were described for which all of the lines were real.
One reason this original problem in R 3 and its generalization to higher dimensions is interesting is that this number, 3 · 2 n−1 , is far smaller than expected. If we formulate this problem as the number of lines in (complex) projective n-space P n that are simultaneously tangent to 2n−2 quadratic hypersurfaces (hereafter quadrics), then it is a complete intersection of 2n−2 quadratic equations on the Grassmannian of lines in P n and thus the expected number of solutions is given by the product of the degrees of the equations with the degree of the Grassmannian d n := 2 2n−2 · 1 n 2n − 2 n − 1 .
The quadratic equations come from the tangency conditions and the term 1 n 2n−2 n−1 is the (n−1)-st Catalan number, C n−1 , which is the degree of this Grassmannian (see [13, 10] ). When n = 3, the difference between these two numbers was accounted for by Aluffi and Fulton [1] . Here is a table of these two sequences of numbers Despite the scrutiny afforded to this problem, it remained open whether d n is indeed the number of complex lines in P n tangent to 2n−2 general quadrics, or if the true number is smaller. More interesting to us is the real version of this question: When there are finitely many complex lines, what is the maximal number of real lines tangent to 2n−2 real quadrics?
We use the classical method of degeneration to special position from enumerative geometry together with recent results in the real Schubert calculus [14, 15, 4] to answer these questions.
Theorem 1. Given 2n−2 general quadratic hypersurfaces in P n there are d n complex lines that are simultaneously tangent to all 2n−2 hypersurfaces (n ≥ 2). Furthermore, there is a choice of quadratic hypersurfaces in R n for which all the lines are real and lie in affine space R n .
We first give a visually appealing numerical proof of this result in the case when n = 3. This illustrates the fundamental idea in the proof of the general result. In Section 3, we review some facts on Plücker coordinates of lines in projective space. Then, in Section 4, we give a constructive and exact proof of the three-dimensional case. Finally, we combine recent results in the real Schubert calculus with classical perturbation arguments adapted to the real numbers to prove Theorem 1 for all n ≥ 2.
The geometric idea in dimension 3
Before going into the technical details, let us illustrate the essential geometric idea underlying our constructions. We show:
There exists a configuration of four quadrics in P 3 with 32 distinct real common tangent lines.
We start from the well-known fact that four lines in P 3 have at most two or infinitely many common transversals (see, e.g., [8, §XIV.7] ). In order to demonstrate the geometry behind this number of two, consider a tetrahedron ∆ ∈ R 3 , where we fix two opposite edges e 1 and e 2 . Let ℓ 1 , . . . , ℓ 4 be the lines underlying the other four edges. These four lines intersect pairwise in the vertices of ∆. Hence, the two common transversals are the lines underlying the two edges e 1 and e 2 . See Figure 1 .
Consider the lines ℓ 1 , . . . , ℓ 4 as (degenerate) infinite circular cylinders with radius r = 0. If we increase the radius slightly, then the cylinders intersect pairwise in the regions (combinatorially) given by the four vertices of ∆. Intuitively, after this perturbation process, the common tangents roughly have the direction of e 1 and e 2 . However, due to the intersection of the cylinders every of these intersection points defines four combinatorial types. Therefore, there are 4 · 4 tangents close to the direction of e 1 and 4 · 4 tangents close to the direction of e 2 . Figure 2 illustrates this situation for the case of a regular tetrahedron.
While this demonstration of Theorem 2 is visually appealing and is easily verified numerically, its proof requires more work. Namely, perturbing the given lines into cylinders transforms a problem of degree 2 into one of degree 32. We will make this idea of perturbation precise in the next sections. This will prove Theorems 1 and 2. 
Plücker Coordinates
We review the well-known Plücker coordinates of lines in projective space P n . For general references on this topic we refer to [8, 3, 12] . Let x = (x 0 , x 1 , . . . , x n ) T and y = (y 0 , y 1 , . . . , y n ) T ∈ P n be two distinct points spanning a line ℓ. Then ℓ can be represented (not uniquely) by the (n + 1) × 2-matrix L whose two columns are x and y. Let N := n+1 2 − 1. The Plücker vector p = (p ij ) 1≤i<j≤n ∈ P N of the line ℓ is the vector of determinants of the 2 × 2-submatrices of L, that is, p ij := x i y j − x j y i . The set of all lines in P n is called the Grassmannian of lines in P n and is denoted by G 1,n . The set of vectors in P N satisfying the Plücker relations
Similarly, we describe (n−2)-planes in terms of dual Plücker coordinates. If an (n−2)plane Λ is given as the intersection of the two hyperplanes n i=0 u i x i and n i=0 v i x i , then the dual Plücker coordinates of Λ are defined by
A line ℓ intersects an (n−2)-plane Λ in P n if and only if the dot product of the Plücker vector p of ℓ and the dual Plücker vector q of Λ vanishes, i.e., if and only if 0≤i<j≤n p ij q ij = 0 (2) (see, e.g., [8, Theorem VII.5.I]). Since this is a linear relation in the Plücker coordinates of the line ℓ, geometrically the set of lines intersecting a given (n − 2)-plane is described by a hyperplane section of the Grassmannian in P N .
We use Plücker coordinates to characterize the lines tangent to a given quadric in P n ( [16] ; see [18] for an alternative deduction of that characterization). We identify a quadric x T Qx = 0 in P n with its symmetric (n+1) × (n+1)-representation matrix Q. Further, let ∧ 2 denote the second exterior power of matrices
(see [12, p. 145 ], [16] ). Here C a×b is the set of a × b matrices with real entries. The row and column indices of the resulting matrix are subsets of cardinality 2 of {1, . . . , m} and {1, . . . , n}, respectively. For
Let ℓ be a line in P n and L be an (n+1) × 2-matrix representing ℓ. Interpreting the
Recall the following algebraic characterization of tangency: The restriction of the quadratic form to the line ℓ is singular, in that either it has a double root, or it vanishes identically. When the quadric is smooth, this implies that the line is tangent to the quadric in the usual geometric sense. 
A Symbolic Derivation in Dimension 3
For the three-dimensional case, we describe a family of projective configurations each of which is equivalent to that of Figure 1 . Exploiting symmetries, we are able to determine configurations in the family having all common transversals real. This provides a constructive proof of Theorem 2.
We realize the tetrahedral configuration of Figure 1 in projective 3-space, using the coordinates (x 0 , x 1 , x 2 , x 3 ) T for P 3 . We give a description of the lines in terms of equations, as well as a parameterization using the coordinates [s, t] for P 1 .
Then the lines underlying e 1 and e 2 are (s, 0, t, 0) T and (0, s, t, 0) T , respectively. Now, for some parameters α, β ∈ R, consider the four quadrics
For α = β = 0, these quadrics become the corresponding lines, and for small α, β > 0, these quadrics are deformations of the lines. Recall that the signature of a quadric denotes the number of positive eigenvalues of its representation matrix minus the number of negative eigenvalues. Since for α, β > 0 each quadric Q i has rank 4 and signature 0, we see that all four quadrics are ruled surfaces.
Then there are 32 distinct (possibly complex) common tangent lines to Q 1 , . . . , Q 4 . Moreover, if 0 < α, β < 3 − 2 √ 2, then all these 32 distinct tangent lines are real.
Proof. We work in the Plücker coordinates for the space of lines in P 3 . Since the quadrics only contain monomials of the form x 2 i , the four tangent equations (3) of Q 1 , . . . , Q 4 only contain monomials of the form p 2 ij . More precisely, the four tangent equations give the following system of linear equations in p 2 01 , . . . , p 2 23 : We permute the variables into the order (p 02 , p 13 , p 03 , p 12 , p 01 , p 23 ). Then, for α, β satisfying
Gaussian elimination yields the following system: Hence, in connection with the single Plücker equation (1), we have the following system of equations:
p 01 p 23 − p 02 p 13 + p 03 p 12 = 0 ,
αp 2 01 = αp 2 03 = βp 2 12 = βp 2 23 .
We analyze this system for α, β satisfying (5) by considering the following three disjoint cases.
Case 1: p 02 = 0. Since p 13 = 0 would imply that all components are zero and hence contradict (p 01 , . . . , p 23 ) T ∈ P 5 , we can assume p 13 = 1. Then (6) and (8) imply
Since (7) implies sgn(p 01 p 23 ) = −sgn(p 03 p 12 ), only 8 of the 2 4 = 16 sign combinations for p 01 , p 03 , p 12 , p 23 are possible. More precisely, the 8 (possibly complex) solutions for p 01 , p 03 , p 12 , p 23 are (p 01 , p 03 , p 12 , p 23 ) T = 1
with γ 01 , γ 03 , γ 12 ∈ {−1, 1}. Hence, for α, β ∈ R 2 satisfying (5), this case gives 8 distinct common tangents.
Case 2: p 13 = 0. This case is symmetric to case 1. Setting p 13 = 1, the resulting 8 solutions for the variables p 01 , p 03 , p 12 , p 23 are the same ones as in (9) . Case 3: p 02 p 13 = 0. Without loss of generality, we can assume p 02 = 1. Solving (7) for p 13 and substituting this expression into (6) yields −β − βp 2 01 p 2 23 − βp 2 03 p 2 12 − 2βp 01 p 03 p 12 p 23 + (1 − α)(1 − β)p 2 03 = 0 . We next use (8) to write this in terms of p 01 . This is straightforward for the squared terms, but for the other terms, we observe that, by (8) , p 01 p 23 = ±p 03 p 12 and since p 02 p 13 = 0, the Plücker equation (7) implies these have the same sign. This gives the quartic equation
Considering this equation as a quadratic equation in p
Hence, for α, β ∈ R 2 satisfying (5), and for which this discriminant does not vanish, there are two different solutions for p 2 01 . For each of these two solutions for p 2 01 , there are 8 distinct solutions for p 01 , p 03 , p 12 , p 23 , namely (p 01 , p 03 , p 12 , p 23 ) T = p 2 01 (γ 01 , γ 03 , γ 12 , sgn(γ 01 γ 03 γ 12 )) T
with γ 01 , γ 03 , γ 12 ∈ {−1, 1}. Since p 13 is uniquely determined by p 01 , p 02 , p 03 , p 12 , case 3 gives 16 distinct common tangents.
With this solution, we can easily determine when all solutions are real. First, suppose that α = β. Then the discriminant (10) becomes (α 2 − 6α + 1)(α + 1) 2 , and its smallest positive root is α 0 := 3 − 2 √ 2 ≈ 0.17157. In particular, for 0 < α < α 0 , the discriminant in case 3 is positive and both solutions for p 2 01 are positive. Thus, for 0 < β = α < α 0 , the solutions of all three cases are distinct and real. Next, fix 0 < α < α 0 and suppose that 0 < β < α. Then the discriminant (10) is positive. To see this, note that for fixed 0 < α < α 0 , the discriminant (10) is decreasing in β for 0 < β < α and positive when β = α. This concludes the proof of Theorem 4. Figure 3 illustrates the construction and the 32 tangents for α = 1/10 and β = 1/20.
Proof of Theorem 1
We prove Theorem 1 with a construction whose main idea is encapsulated by the visually appealing transition from Figure 1 to Figure 2 , and by the symbolic construction of Section 4. Recall that the (n−1)-st Catalan number is C n−1 := 1 n 2n−2 n−1 , which is the number of lines in P n simultaneously transversal to 2n−2 general (n−2)-planes. We begin with a configuration of 2n − 2 real (n−2)-planes in R n having C n−1 common real transversal lines. (Such configurations exist, see below.) We then argue that we can replace each of these (n−2)-planes by a real quadric hypersurface such that for each of the original transversal lines, there are 2 2n−2 nearby real lines tangent to each quadric. Proposition 5. There exists a configuration of 2n−2 real (n−2)-planes in R n having exactly C n−1 common real transversals.
Proof. The corresponding statement for projective space P n was proven in [14, Theorem C] . We deduce the affine counterpart above simply by removing a real hyperplane that contains none of the (n−2)-planes or any of the transversal lines. Remark. The purely existential statement in [14] was dramatically improved by Eremenko and Gabrielov [4] who gave the following explicit construction of such a collection of (n−2)-planes. Let Geometrically, Λ(s) is the kissing, or osculating (n−2)-plane to the moment curve at the point γ(s). Eremenko and Gabrielov show that for any distinct numbers s 1 , . . . , s 2n−2 ∈ R, the (n−2)-planes Λ(s 1 ), Λ(s 2 ), . . . , Λ(s 2n−2 ) have exactly C n−1 common real transversals. Definition 6. Let Λ ⊂ R n be an (n−2)-plane and r be a positive real number. Then we define the (n−2)-cylinder Cy(Λ, r) to be the set of points having Euclidean distance r from Λ. This is a singular quadratic hypersurface in P n , but smooth in R n .
A real line ℓ is tangent to Cy(Λ, r) if and only if the Euclidean distance d(ℓ, Λ) between ℓ and Λ is r. We use the following notation to characterize the Euclidean distance between a line ℓ and an (n−2)-plane Λ. For vectors v 1 , . . . , v n−1 ∈ R n , let [v 1 , . . . , v n−1 ] ∈ R n denote their n-dimensional vector product (see, e.g., [7, 2] ):
where ε i 1 ,... ,in is the Levi-Civita symbol, which is zero unless the indices are distinct, and when they are distinct, it is the sign of the resulting permutation:
if at least two of the indices i 1 , . . . , i n are equal, 1 if the indices are pairwise different and the permutation i 1 , . . . , i n is even, −1 if the indices are pairwise different and the permutation i 1 , . . . , i n is odd.
The vector [v 1 , . . . , v n−1 ] is perpendicular to v 1 , . . . , v n−1 and its length is the volume of the hyperparallelepiped spanned by v 1 , . . . , v n−1 . Moreover, let ·, · and || · || denote the Euclidean dot product and Euclidean norm, respectively.
µ i q i : µ 1 , . . . , µ n−2 ∈ R} with p ∈ R n and linearly independent vectors q 1 , . . . , q n−2 ∈ R n . If b ∈ span{q 1 , . . . , q n−2 } then the Euclidean distance d(ℓ, Λ) is
Proof. Since b ∈ span{q 1 , . . . , q n−2 }, the vectors b, q 1 , . . . , q n−2 , [b, q 1 , . . . , q n−2 ] form a basis of R n . Hence, there exist unique real numbers α, β, γ 1 , . . . , γ n−2 such that
Suppose x and y are points on ℓ and Λ, respectively. Then there exist λ, µ 1 , . . . , µ n−2 such that
Hence, the distance of x and y is ||α[b, q 1 , . . . , q n−2 ]|| Since α||[b, q 1 , . . . , q n−2 ]|| 2 = α [b, q 1 , . . . , q n−2 ], [b, q 1 , . . . , q n−2 ] = [b, q 1 , . . . , q n−2 ], a − p , the lemma follows.
We record the following useful and basic property of intersection multiplicities [6, p. 1], which we will use. Proposition 8. Let A be an algebraic curve in complex projective space P n , and let x be a singular point on A. For any hyperplane H ⊂ P n such that x is an isolated point in A ∩ H, the intersection multiplicity of A and H in x is greater than 1.
Theorem 9. Let Λ 1 , Λ 2 , . . . , Λ 2n−2 be (n−2)-planes in R n having exactly C n−1 common real transversals. For each k = 0, 1, . . . , 2n−2, there exist positive real numbers r 1 , . . . , r k such that there are exactly 2 k C n−1 real lines that are simultaneously tangent to each of the (n−2)-cylinders Cy(Λ j , r j ), j = 1, . . . , k, and transversal to the (n−2)-planes Λ k+1 , . . . , Λ 2n−2 .
The case of k = 2n−2 implies Theorem 1; since the number of real lines will not change under a small perturbation of the cylinders Cy(Λ j , r j ), we may replace them by quadratic hypersurfaces which are even smooth in P n , without altering the conclusion of the theorem.
In the proof of Theorem 9, we identify the lines we are looking for with the Plücker vectors satisfying the relevant transversal conditions (2), tangent conditions (3) and the Plücker conditions (1).
Proof. We induct on k, with the case of k = 0 being the hypothesis of the theorem.
Suppose that k ≤ 2n−2 and that there exist r 1 , . . . , r k−1 > 0 and distinct real lines ℓ 1 , . . . , ℓ 2 k−1 Cn that are simultaneously tangent to Cy(Λ j , r j ), for each j = 1, . . . , k − 1, and transversal to Λ k , . . . , Λ 2n−2 .
Dropping the condition that the lines meet Λ k , we obtain a one-dimensional family of lines that are tangent to the cylinders Cy(Λ j , r j ) for j = 1, . . . , k−1 and that are also transversal to the (n−2)-planes Λ k+1 , . . . , Λ 2n−2 . We consider this one-dimensional family of lines as a curve in Plücker space G 1,n ⊂ P N , denoted by A. In particular, the curve A contains the Plücker coordinates of all the lines ℓ 1 , . . . , ℓ 2 k−1 Cn .
Let ℓ be one of the lines ℓ 1 , . . . , ℓ 2 k−1 Cn , and denote its Plücker coordinate by p. Then p is a smooth point on A (the tangent space of A at p is one-dimensional). Namely, otherwise Proposition 8 would imply a contradiction to the number of solutions (counting multiplicity) in the induction hypothesis. Consequently, by the complex Implicit Function Theorem (see e.g., [9, Theorem 3.5]), there exist neighborhoods U ⊂ C n of 0 ∈ C, V ⊂ P N of p, and a complex-analytic map ϕ : U → G 1,n ⊂ P N such that ϕ(0) = p and in V the curve A is given by the parameterization ϕ(t), t ∈ U. By choosing V small enough, we can assume that A ∩ V does not contain the Plücker coordinate of another line {ℓ 1 , . . . , ℓ 2 k−1 Cn } \ {ℓ}, and that none of the points in A ∩ V is the Plücker coordinate of a line at infinity. Now the crucial point is that the restriction ϕ |R maps to real lines. Namely, assume that the image of any real neighborhood U ′ of p (or of any other real point ϕ(t) for some real t) contains a non-real point q ∈ G 1,n ⊂ P N . Since ϕ(U ′ ) also contains the complex-conjugated point q, this would imply that p is singular.
Hence, we can assume that ϕ |R is a function (−δ, δ) → G 1,n ∩ P N R for some δ > 0. For a parameter value t ∈ (−δ, δ) let d(ϕ(t), Λ k ) be the distance of the real line with Plücker coordinate ϕ(t) from Λ k . If the direction vector of ϕ(t) is not parallel to Λ k then d is given by Lemma 7. Otherwise, the problem reduces to a lower-dimensional problem. However, d(ϕ(t), Λ k ) is a continuous function in t; and we have d(ϕ(t), Λ k ) = 0 if t = 0 and d(ϕ(t), Λ k ) > 0 if t ∈ (−δ, δ) \ {0}. Let ρ := min{d(ϕ(−δ/2), Λ k ), d(ϕ(δ/2), Λ k )}. Then there are at least two distinct real lines whose Plücker coordinate is contained in A ∩ V and whose Euclidean distance to Λ k is ρ.
We can assume that the 2 k−1 C n−1 local parts of A obtained in this way are disjoint. Moreover, let r k be the minimum value of ρ which has been computed for all the lines ℓ 1 , . . . , ℓ 2 k−1 C n−1 . Then there are at least 2 k C n−1 distinct real lines whose Plücker coordinate is contained in A and whose Euclidean distance to Λ k is r k . Since 2 k C n−1 is the maximum number of lines with this property, there are exactly distinct 2 k C n lines tangent to Cy(Λ j , r j ) for j = 1, . . . , k and that are also transversal to the (n−2)-planes Λ k+1 , . . . , Λ 2n−2 .
